In this paper, we derive the mean-field behavior of empirical distributions of large systems that consist of N (large) identical parallel processor sharing servers with Poisson arrival process having intensity Nλ and generally distributed job lengths under the randomized SQ(d) load balancing policy. Under this policy, an arrival is routed to the server with the least number of progressing jobs among d randomly chosen servers. The mean-field is then used to approximate the statistical properties of the system. In particular, we show that in the limit as N grows, individual servers are statistically independent of others (propagation of chaos) and more importantly, the equilibrium point of the mean-field is insensitive to the job length distributions. This has important engineering relevance for the robustness of such routing policies that are often used in web server farms. We use a measure-valued process approach and martingale techniques to obtain our results. We also provide numerical results to support our analysis. 
BACKGROUND AND MOTIVATION
The emergence of the cloud computing paradigm and other centralized storage applications give rise to server farms that contain large numbers of servers to process and match the incoming job requests to desired performance objectives. The front end job dispatchers route an arriving job to one of the servers that provide minimal response time as the tasks in most cases are delay sensitive [1] . Therefore the key challenge in these systems is to design low complexity algorithms that balance loads on servers that results in efficient use of resources and desirable user performance.
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In practice, the server farms such as Cisco Local Director, IBM Network Dispatcher, Microsoft Sharepoint use the classical Join-the-shortest-queue (JSQ) policy that provides near optimal performance [2] .
In systems that consist of thousands of servers, the JSQ policy requires the information about the number of progressing jobs at all the servers. However simple randomized algorithms based on sampling only a finite number of servers and choosing the best among them can achieve similar performance. This was shown for the case of exponential service time distributions in [3, 4] . Clearly such algorithms are preferable because of lower sampling cost. These algorithms are referred to as SQ(d) routing when d servers are sampled at random and the shortest among them is chosen. As claimed in [4] most of the gains are obtained when d = 2 and hence the "Power of Two" parlance.
Since under the SQ(d) policy the servers are coupled, an exact analysis of the system is not tractable when the number of servers N is large. Under the assumption that the arrival rate of jobs scales linearly in the number of servers such that the average load per server remains constant and the servers are stable, the contribution in [3, 4] was to show that by first taking the limit as N → ∞ the system decouples into independent queues where the limiting empirical distribution of a queue is described by a deterministic nonlinear equation called the mean-field or hydrodynamic limit.
Moreover they showed that the limit of the stationary distribution of the queues corresponds to the equilibrium or fixed point of the mean-field equations (MFE) thus providing a way to characterize the stationary distributions. The equilibrium point shows that the effect of the random sampling leads to super-exponential instead of exponential decay of the tail distribution of the queue occupancy when d ≥ 2 and is close to the average JSQ delay.
More realistic models need us to dispense with the exponential job length hypothesis. For example, the service time distributions are Log-normal in call centers [5] , and Gamma distributed in automatic teller machines (ATMs) [6] etc. Therefore it is necessary to study the impact of SQ(d) routing schemes when job lengths are generally distributed. One of the nice features of processor sharing (PS) systems is their robustness of their steady-state statistical characteristics that only depend on the means of the service times rather than the entire distribution a property termed insensitivity. However these results have only been shown for PS with state dependent arrival rates that results in a so-called linear Markov process. The SQ(d) scheme in the exponential service time case leads to a Markov process whose generator IFIP WG 7.3 Performance 2018. Dec. 5-7, 2018, Toulouse, France Copyright is held by author/owner(s). is non-linear, i.e., it depends on the distribution and thus one cannot simply conclude insensitivity and hence this requires proof. In this paper we address this issue and prove the insensitivity of the equilibrium point of the mean field.
Some partial results on the behavior of stationary distributions for large systems employing the SQ(d) policy with general service time distributions are available along with simulation insights. For queuing systems with general service times, the job occupancy process (queue-length process) is not Markov. This limits us from directly extending the analysis in the exponential case to the general distributions case. To obtain a Markovian representation for the system we need to include the occupancy state as well as the age or residual service times of the jobs in service. This makes the analysis a challenging task because unlike the exponential case the state-space of the Markov process is now the non-negative orthant.
In [7] , the SQ(d) policy for processor sharing, FIFO, and LIFO with preemptive resume models with general job length distributions in the homogeneous context was studied using the cavity method under the ansatz hypothesis that the underlying stationary distribution of the occupancy of the Markov process converges to a unique limiting distribution and any finite set of servers are asymptotically independent. But, the ansatz carries the necessary and sufficient conditions needed to conclude insensitivity as N → ∞ for the case of processor sharing systems. This is because each individual server must have state dependent Poisson arrivals which is a consequence of the assumption of asymptotic independence of servers and furthermore, existence of unique stationary distribution is essential to conclude insensitivity. Bramson [8] succeeded in proving the ansatz only for the case of FIFO models with job length distributions having decreasing hazard rate functions. Therefore it remains an open problem to show insensitivity under the SQ(d) policy for large-scale systems as the number of servers N approaches to infinity.
In this paper, we take another look at the problem by studying the mean-field behavior of the system in the transient regime under the assumption of generally distributed job lengths. We show that the limit of the empirical distribution that corresponds to the mean-field or hydrodynamic limit now satisfies a deterministic partial differential equation (PDE). Furthermore we show that as N → ∞ any finite set of servers become statistically independent and moreover the equilibrium point of the mean-field is insensitive to the job length distribution and only depends on its mean. The insensitivity property does not hold when N is finite since state-dependent arrival rates do not satisfy the Whittle balance condition [9] , but as N → ∞, our result supports that the insensitivity property is inherited for the stationary distribution.
CONTRIBUTIONS OF THIS PAPER
In summary, the contributions of the paper are following:
• By considering the amount of received service of a progressing job as its age, we model the system evolution using a measure-valued Markov process. We then establish the mean-field limit using martingale techniques and furthermore, we show that the mean-field is unique. Unlike the exponential service case the meanfield is now characterized by a set of PDEs.
• We then show that the mean-field equations have a unique equilibrium point, and furthermore, conditioned on the occupancy the joint distribution of ages of progressing jobs has a product form. More importantly, the distribution of occupancy with respect to the unique equilibrium point is insensitive to the job length distributions.
• Under the assumption of mixed-Erlang job length distributions, we can numerically study the MFEs using Euler's method and observe that quasi-monotonicity does not hold unlike in the exponential case where the mean-field is quasi-monotone [10] .
• We also provide a detailed description of the relationship between a large N system and the mean-field for both transient and stationary regimes. In particular, we show that the asymptotic independence of servers is equivalent to the property that the stationary distribution of a server asymptotically coincides with the unique fixed-pint of the mean-field.
